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Abstract We present a new analytical model for thermal

conductivity measurement of one-dimensional nanostruc-

tures on substrates. The model expands the capability of the

conventional 3x technique, to make it versatile with both in

and out of plane thermal conductivity measurement on

specimens either freestanding or attached to substrates. We

demonstrate the model on both conducting (aluminum) and

semi-conducting (focused ion beam deposited platinum)

specimens. The agreement with the established values in the

literature suggests the superiority of this technique in terms

of convenience and robustness of measurement.

Keywords 3x technique � Thermal conductivity �
FIB Pt nanowire

Introduction

Electrical and thermal transport properties of nanostruc-

tures exhibit significant size effects attributed to the

increased surface-to-volume ratio and stronger influence of

grain boundary scattering processes. Characterization of

such size-induced effects and understanding the underlying

fundamental mechanisms is especially important for the

microelectronics and sensors industry where the critical

dimension is rapidly approaching a few nanometers. The

effect of miniaturization is especially intensive in the

energy density (in the form of heat dissipation) in micro/

nanoscale devices. This has catalyzed studies dealing with

the application of thermal management at the nanoscale,

especially on the measurement of thermal conductivity of

nanoscale thin films [1]. More recently, the thermal con-

ductivity of nanostructured materials have been analyzed in

order to improve efficiency of newer energy conversion

device technologies [2]. While classical concepts of ther-

mal conductivity render it length-scale independent, there

is growing evidence in the literature that the opposite is

true [3, 4] at length scales comparable to the electron and

phonon mean free path. Since bulk values can be extrap-

olated at the smaller scales, thermal characterization of

nanoscale materials has been a very active area of research

in the last decade [5, 6].

To measure thermal conductivity, one needs to deter-

mine the heat flux (typically set up by an energy source

such as electrical heater) across the specimen in order to

acquire the cross-plane thermal conductivity. Also the

temperature drop between two separate points in the same

plane is needed to be measured in order to obtain the in-

plane thermal conductivity of the specimen. Two of the

most common and well-established techniques for mea-

suring cross-plane thermal conductivity of thin films and

nanostructures are known as the 3x and the steady-state [7]

techniques. Other techniques, such as the membrane and

bridge method, require the substrate to be removed thereby

making the specimen freestanding [8, 9] and are commonly

used for in-plane thermal conductivity measurement. For

measurement of thermal properties of liquids, 3x also can

be utilized to realize thermal conductivity. In addition, the

hot-wire technique is another method used to obtain ther-

mal conductivity and thermal diffusivity of liquids [10].

The foundation of this paper lies on the 3x technique,

which uses electrical heating and electrical sensing-based

measurements to set up the heat flux and for temperature

measurement [11]. The conventional 3x technique is very
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versatile as it allows for a variety of specimen configura-

tion—line-heater-on-substrate, thin-film-on-substrate, and

multilayered thin-film-on-substrate. In its simplest form, a

metallic strip is deposited over the sample whose conduc-

tivity is to be measured, the metallic strip acts as the heating

source and also as the sensing element [12, 13]. The strip

metal film (acting both as a thermometer and a line heater)

is driven by a periodically oscillating heat source (an a.c.

current source) at a frequency of ‘x’. The heat dissipated in

the line heater self heats itself and the underlying sample

and caused temperature oscillations at ‘2x’ frequency. The

temperature oscillations make the resistance of line heater

vary at ‘2x’ frequency and consequently leading to voltage

oscillations at ‘3x’ frequency. The thermal conductivity

information of the underlying sample can be extracted from

the amplitude of the 3x voltage oscillations of the line

heater. When the specimen is capable of self-heating

(metals and semiconductors), it is usually made freestand-

ing from the substrate so that the entire heat generated is

exploited solely to set up a temperature gradient in the

specimen and hence the measured thermal conductivity is

unaffected by that of the substrate [14]. However, specimen

on substrate configuration is actually a more accurate rep-

resentation of real life applications as in microelectronic

devices. Also, making the specimens freestanding requires

additional processing steps and careful consideration on not

affecting the specimen itself, which is generally difficult to

execute on nanoscale specimens.

The motivation of the present study is therefore to relax

the requirement of freestanding specimens and thus

increase the versatility of the 3x technique. We achieve

this by developing an analytical model which accounts for

the heat loss to the substrate so that the thermal

conductivity of both the specimen and the substrate can be

measured simultaneously. We demonstrate the new tech-

nique experimentally on both metallic (thin film aluminum)

and semi-conducting (focused ion beam (FIB) deposited

platinum) nanoscale specimens on substrates. It is impor-

tant to note that FIB-deposited materials (especially Pt)

have received increasing attention for use in nano-heaters,

as nano-connectors for circuit repair, as protection layers,

and in Transmission Electron Microscope specimen prep-

aration applications. Their electrical properties are well

characterized [15, 16], but the thermal properties are yet to

be reported in the literature, which makes the new model

and the experimental results useful for the FIB-deposited

nanostructure applications.

Analytical model

We have developed a model that allows the 3x technique

to measure in-plane thermal conductivity of specimens that

are not necessarily released from the substrate, as required

by the conventional scheme. Figure 1 shows the conven-

tional 3x experimental setup, where an electrically con-

ductive strip is connected to four electrodes. The two outer

electrodes are used to apply a constant a.c. current in the

strip, while the two inner electrodes are used to measure

the third harmonic of the voltage V3xð Þ across the strip. For

insulating specimens (Fig. 1a), the substrate is the speci-

men and the top layer is the metal film that is used as heater

and temperature sensor. This technique [12] measures only

the cross-plane thermal conductivity (j) by measuring the

third harmonic voltage for two different frequencies f1 and

f2, as given by the following equation.

Substrate Sample

Heater & Sensor
(a)

Substrate

Sample(b)

X

Y

L

Substrate

Sample
(c)

Fig. 1 The conventional 3x
setup for (a) electrically

insulating materials, where the

conducting layer acts as the

heater and temperature sensor

while the substrate itself is the

specimen (b) electrically

conducting and semiconducting

specimens, released from the

substrate to minimize heat

losses to the substrate. (c) Setup

for the new technique developed

in this study obviates the

additional step of releasing the

specimen from the substrate
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j ¼
V3

1x ln f2
f1

4plR2ðV3x;1 � V3x;2Þ
dR

dT
ð1Þ

where V1x is the voltage across the metal strip at frequency

x, V3x;1 and V3x;2 are the voltages at the third harmonic for

frequency f1 and f2 respectively, R and l are the metal line

resistance and length respectively, and R0 is the slope of

resistance as a function of temperature at the tempera-

ture of measurement. To measure the in-plane thermal

conductivity, the specimen must be released from the

substrate, and the experiments are conducted in vacuum to

prevent heat losses. The in-plane thermal conductivity is

obtained from the third harmonic voltage signal (V3x)w

using the following expression [13],

V3x �
4I3

0qeq
0
e

p4j
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ 2xcð Þ2
q

L

S

� �3

ð2Þ

where I0 and x are the input current’s amplitude and fre-

quency respectively, qe is the electrical resistivity of the

specimen, qe
0 is the thermal coefficient of resistance, L and

S are the length and cross-sectional area of the specimen,

and c is the characteristic thermal time constant for the

one-dimensional thermal transport process.

We present a model that accounts for the heat loss to

the substrate by using a one-dimensional heat conduction

equation with the heat source located on the nanostruc-

ture and considering the substrate as the heat sink. We

assume that the temperature difference decays exponen-

tially along y direction (as Fig. 1c, into the substrate) and

is modeled as hðx; tÞe�y
k. The parameter ‘k’ in the

exponent relates to thermal wave penetration depth,

which is equal to
ffiffiffiffiffiffiffiffiffiffiffias=2x

p

, where as is thermal diffusivity

of substrate, x is frequency of heat source and

h ¼ T � T0 is the temperature change of substrate (T0 is

the initial temperature of substrate). The heat flux

through the interface (y = 0) from the nanoscale metallic

thin film to substrate is given by,

qAjy¼0 ¼ jsA
oðhðx; y; tÞe�y

kÞ
oy

�

�

�

�

y¼0

¼ jsA½�
1

k
hðx; tÞe�

y
k�
�

�

�

�

y¼0

¼ � jsAhðx; tÞ
k

ð3Þ

We assume the temperature of the surface of substrate to

be the same as temperature of the nanostructure directly

above and in intimate contact with it, ignoring the interface

resistance. Therefore, the temperature change of our

sample along the longitudinal direction can be viewed as

h x; tð Þ: The one dimensional heat conduction is then

given by,

qCp
ohðx; tÞ

ot
¼ j

o2hðx; tÞ
ox2

þ I2
0 sin2 xt

LS
ðR0 þ R0hðx; tÞÞ

� jsA

LSk
hðx; tÞ ð4Þ

where Cp and R0 are the specimen specific heat and

resistance at the reference temperature, R0 is resistance

derivative of temperature, js is the substrate thermal

conductivity and A is the area for heat transfer to the

substrate. The boundary conditions and initial condition are

as shown in Eq. 5.

hð0; tÞ ¼ 0

hðL; tÞ ¼ 0

hðx;�1Þ ¼ 0

8

<

:

ð5Þ

Solving Eq. 4 for h, we obtain

hðx; tÞ ¼
X

n

D

np
½1� ð�1Þn� sin

npx

L

1

G
1� sinð2xt þ uÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ cot2 u
p

" #

ð6Þ

where;D ¼ I2
0R0

LSqCp
and G ¼ n2pj

qCpL2
þ jsA

qCpLSk

For the approximation: n = 1, we can write,

VðtÞ ¼ I0Rþ 4I0R0D

p2G

� �

sin xt

þ 2I0R0D

p2G

1
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ 4x2=G2
p cosðxt þ /Þ

þ 2I0R0D

p2G

1
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ 4x2=G2
p cosð3xt þ /Þ ð7Þ

If 4x2 � G2 ) 2x� j
qCp

p2

L2 þ 1
qCp

jsA
LSk

� �

, the magnitude

of 3x voltage becomes

V3x �
2I3

0R0R0L

p4jSþ Lp2jsA
k

ð8Þ

The average temperature change is then given by,

�h � 4I2
0R0L

p4jSþ Lp2jsA
k

ð9Þ

Therefore, the thermal conductivity of wire can be derived

from Eq. 8 as

j �
2I3

0
R0R0L

V3x
� Lp2jsA

k

� �

p4S
ð10Þ

We now have an analytical expression for the thermal

conductivity of the nanoscale material, taking into

consideration heat dissipation to the substrate as well. In

the next section the accuracy of this model is verified

experimentally.
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Experimental results and discussions

Figure 2 shows the experimental setup schematic along

with a scanning electron micrograph of a focused-ion-beam

deposited platinum nanowire across lithographically pat-

terned gold electrodes. The substrate is a commercially

available silicon wafer with about 500 nm thick thermally

grown oxide layer at the top. The four-probe configuration

of electrodes for measuring eliminates contact resistance

and minimizes experimental error, for conducting nano-

wires the parasitic/contact resistances usually are of the

same magnitude as the measured DUT (device-under-test)

resistance. The experiments are performed in vacuum

environment to prevent heat loss through convection. The

main components of the experimental setup are the

Keithley 6221 Constant Current Source and the Stanford

SR830 Lock-in Amplifier. The constant current source

passes a constant alternating current I0sinxt through the

specimen, and the lock-in amplifier was used to measure

1x and 3x signals using differential input method. The key

features of a 3x experiment are the choice of amplitude of

the ac current, the low frequency operating settings of the

lock-in amplifier, and use of a high vacuum environment.

From the analytical model we recognize a current limita-

tion:
I2
0
R0Lk

n2p2jkSþjsLA
� 1 implicit in the derivation of hðx; tÞ.

Therefore, the amplitude of the applied current cannot be

too large, but however from a measurement stand-point it

has to be large enough so that the signal to noise ratio of

the 3x signal is satisfactory. The SR830 lock-in amplifier

is proficient for measuring small a.c. signals which can

reach nano-volt levels and has a very low level of noise

floor. The most important parameter in using the lock-in

amplifier is the time constant which decides the bandwidth

of low pass filter, and we use 30*300 s here for the fre-

quency range of a.c. current from 30 to 1 Hz to fulfill the

frequency limitation: 2x� j
qCp

p2

L2 þ 1
qCp

jsA
LSk

� �

.

The new model developed was first experimentally

characterized and calibrated on a metal specimen of known

thermal conductivity. The metal used is evaporated alu-

minum (lithographically patterned), lithographically pat-

terned to be 100 lm long, 10 lm wide, and 130 nm thick.

Figure 3, Series 1 presents the measured rms value of 3x
voltages in the frequency range 1*30 Hz which matches

well with the expected data, based on the analytical model,

showing as Series 2. We observe that the 3x voltages

slightly increase with a decrease in the frequency. We fit

this data to the Cahill’s model, i.e. Eq. 1, to find out the

thermal conductivity of glass substrate, resulting in a value

of 1.07 W/mK at 297 K. By substituting this value of

thermal conductivity for the glass substrate into our 3x
model, i.e. Eq. 10, we obtain the thermal conductivity of

the aluminum thin film as shown in Fig. 4. Additionally,

according to our model Eq. 8 implies a linear relationship

between the 3x voltage (V3x) and the cube of the current

amplitude (I3
0), and this is experimentally verified and

graphically shown in Fig. 5. Here we chose the value of

0.003 amp as the amplitude of a.c current in order to fulfill

the current limitation criteria, previously mentioned.

After verifying the analytical model and calibrating the

experimental setup, we performed experiments on FIB-

deposited platinum nanowires. The specimen was 7 lm

long, 600 nm wide, and 800 nm thick. Figures 6 and 7

individually show the V3x value and average temperature

change measure experimentally from a setup, as shown in

Fig. 2. The amplitude of a.c. current and the operating

frequency we chose were 7.07 lA and 1000*400 Hz,

which satisfied the restrictions built into the analytical 3x
model. The value of thermal conductivity of FIB Platinum

nanowire obtained from measurement is 40.97 W/mK at

room temperature. For pure platinum, the thermal con-

ductivity is 71.6 W/mK at room temperature. The variation

seen is because the FIB-deposited Pt is not just purely Pt

metal, but is a conducting metal-organic polymer

A 

B 

Reference in  

     SR830 

Lock-in Amp 

Phase marker  

KEITHLEY 

6221  

FIB Pt nanowir e sample    

10µm 

Fig. 2 Experimental setup for the 3x technique applied on FIB-

deposited Platinum

0 5 10 15 20 25 30 35
3

3.5

4

4.5
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5.5

6

6.5

7

7.5

8
x 10

-6

Frequency /Hz

V
3 ω

 /V

Comparison of Experimental and Analytical values of V
3ω

Series 1  - Experimental

Series 2 - Analytical

Fig. 3 The measured V3x and expected V3x of aluminum thin film
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(C9H16Pt) which in its as-deposited form creates a nano-

structure made of Pt and amorphous carbon mixture (The

Ga? ion in the ion beam causes amorphization of the

carbon). The thermal conductivity of amorphous carbon

varies from 0.3 to 10 W/mK at room temperature. If we use

a simple rule of mixtures like equation using 50% platinum

contribution and 50% amorphous carbon contribution, we

obtain an approximated thermal conductivity value of FIB-

deposited platinum to be about 40.8 W/mK which matches

our data very well. The measured value of thermal con-

ductivity of FIB-deposited platinum nanowire is found to

be in within the expected bounds. In addition, let’s take a

look at Eq. 8, the denominator of amplitude of V3x

includes two terms, p4jS and Lp2jsA
k . In our case, the order

of p4jS is 10-8, and the order of Lp2jsA
k is 10-11. This

means thatp4jS is much larger than Lp2jsA
k , and thus

Lp2jsA
k ,which represents the heat loss from FIB platinum

nanowire to substrate is very small in this case, and can be

neglected, which concurs with one of the starting

assumptions of the analytical model.

Conclusions

We have developed an analytical model extending the

existing 3x formulation to include characterizing nano-

structures lying on substrate geometries. The biggest

advantage of this technique is that it provides an easy and

convenient way for characterization since it eliminates

nanofabrication involved in making freestanding samples.

It also allows simultaneous measurement of cross-plane

thermal conductivity of the substrate and in-plane thermal

conductivity of the nanostructured specimen. We have

experimentally validated the model using aluminum thin

films on glass substrates and FIB-deposited Pt nanowires

on thermally grown silicon oxide. In addition we also

present the first-ever thermal conductivity data for FIB-

deposited Pt nanowires that are now extensively used as

electrical interconnects/mechanical grips in MEMS/NEMS

studies. The ease of specimen preparation, coupled with the

ease of measurement and analysis make this technique a

substantial improvement over the conventional 3x method,

especially for nanostructures.
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Fig. 4 Thermal conductivity of aluminum thin film
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Fig. 5 The proportional relationship between V3x of aluminum thin

film and I3
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Fig. 6 The measured V3x for FIB-deposited Pt nanowire
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